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Weak measurements cause small change to quantum states, thereby opening up the possibility of new ways 
of manipulating and controlling quantum systems. We ask, can weak measurements reveal more quantumness? 
In particular, can they lead to more quantum correlation in a composite quantum state? We prove that the 
weak measurement induced quantum discord, called as the "super quantum discord", is always larger than the 
quantum discord captured by the strong measurements. Unlike the normal quantum discord, for pure entangled 
states, the super quantum discord can exceed the quantum entanglement. We argue that the super quantum 
discord can be potentially a more useful resource. As an application, we show that the super discord can result 
in an improvement on the entropic uncertainty relation in the presence of quantum memory. 



Introduction - Quantum states are fragile to quantum mea- 
surements. Yet they try to maintain their privacy. This is ex- 
emplified by the fact that it is impossible to know the state 
given a single quantum system. If we measure an arbitrary 
quantum state in some orthogonal basis (projective measure- 
ment), we loose its coherence. However, if we perform a mea- 
surement which couples the system and the measuring device 
weakly, then the system will be perturbed weakly and may not 
loose its coherence completely. Such a scheme was proposed 
by Aharonov-Albert-Vaidman [1J which is called weak mea- 
surement formalism. This gives a weak value of an observable 
which can take values outside the spectrum of the observable. 
Remarkably, it has been shown that the weak measurements 
are universal in the sense that any generalized measurements 
can be realized as a sequence of weak measurements which 
result in small changes to the quantum state for all outcomes 
0. The weak- value amplification has found several applica- 
tions in recent years. To name a few, weak measurements have 
been exploited for interrogating quantum systems in a coher- 
ent manner Q, in understanding the role of the uncertainty 
principle in the double-slit experiment [4 5|, in understand- 
ing the macrorealism @|7], in resolving Hardy's nonlocality 
JH). On the practical applications, this has been used for ob- 
servation of photonic version of the spin Hall effect (9), to 
amplify the deflection of optical beam in the Sagnac interfer- 
ometer [ 10], in the feedback control of quantum systems ifTTl 
and even direct measurement of wavefunction of single pho- 
ton fl2l . 

Understanding the nature of correlations in composite sys- 
tems is one of the prime goals in the emerging area of quan- 
tum information theory. For bipartite states, an entropic mea- 
sure of quantum correlations known as the quantum discord 
has been proposed lfT3ll . The quantum discord represents the 
inaccessible information that cannot be extracted by measure- 
ments on one subsystem. It is the diffrence between the total 
and the classical correlation lfT3l [T4l. It turns out that unlike 
the entanglement, the quantum discord can be nonzero even 
some separable states. This suggests that quantum discord 
may capture quantum correlation for mixed states that goes 
beyond the entanglement. The quantum discord has been in- 
vestigated in a wider context starting from the possibility of 



giving the power to quantum computation in the absence of 
entanglement [ 15 1, quantum communication such as quantum 
state merging lfT6l[l7ll . finding conditions for the monogamy 
nature lfT~8l [T9l quantum entanglement distribution with sep- 
arable states ll20l l2T1l and has been also experimentally used 
as a resource ll22l |23l . Recently, it has been shown that the 
quantum discord is also a physical quantity, because erasure 
of quantum correlation must lead to entropy production in the 
system and the environment ||241 . (For a recent review on 
quantum discord see Il25ll26ll .) 

Weak measurements are not only important in exploring 
fundamental physics questions but also have technological 
implications. In this letter, we ask, can they reveal more quan- 
tum correlation for a bipartite quantum system? If they can, 
then one can exploit this extra quantum correlation for infor- 
mation processing. We prove that the weak measurement per- 
formed on one of the subsystems can lead to " super quantum 
discord" (SQD) that is always larger than the normal quan- 
tum discord captured by the strong (projective) measurements. 
Since quantum discord is regarded as a resource our result 
shows that the super quantum discord can be potentially a 
more useful resource. We illustrate the notion of the weak 
measurement induced discord for pure and mixed entangled 
states. A remarkable feature of the super quantum discord is 
that for pure entangled states it can exceed the quantum en- 
tanglement. In this sense, SQD reveals quantum correlation 
that truly goes beyond quantum entanglement even for pure 
states. Thus, quantum correlations are not only observer de- 
pendent but also depend on how gently or how strongly one 
perturbs the quantum system. As an application, we show that 
the super quantum discord can result in an improvement on the 
entropic uncertainty relations [ 27-29 ] in the presence of quan- 
tum memory ll30ll3T1 . These findings will have several funda- 
mental applications where quantum correlations play impor- 
tant role. 

Weak measurements and super quantum discord - The the- 
ory of weak measurements can be formulated using the pre- 
and post-selected quantum systems |1| as well as in terms of 
measurement operator formalism as done by Oreshkov and 
Brun 0. The later approach provides a new tool in quantum 
information theory to handle weak as well as strong measure- 
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ments. Since a quantum measurement with any number of 
outcomes can be constructed as a sequence of measurements 
with two outcomes, one can consider dichotomic measure- 
ment operators. The weak measurement operators are given 
by 
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where a; is a parameter that denotes the strength of the mea- 
surement process, ITo and 111 are two orthogonal projectors 
with Ilo + 111 = 1. The weak measurement operators sat- 
isfy P^(x)P(x) + P^(— x)P(— x) = 1. These operators have 
the following properties: (i) P(0) = resulting in no state 
change, (ii) in the strong measurement limit we have the pro- 
jective measurement operators, i.e., lim.c_j.oo P(x) — Ilo an d 
lim^oo P{-x) = U x , (iii) P(x)P{y) cx P(x + y), and (iv) 
[P(x),P(-x)]=0. 

Before defining the super quantum discord, let us recapit- 
ulate the normal quantum discord with the strong measure- 
ments. For a bipartite quantum state pab, the total correlation 
is defined via the "quantum mutual information" [32 , 33l . It is 
given by 



Hpab) = S(p A ) + S(p B ) - S{pab), 



(2) 



where pa and pb are the local density matrices of pab and 
S(a) — — Tr (a log 2 er) is the von Neumann entropy of a 
quantum state a. The classical correlation is defined as fl4\ 



Jb(pab) = S(pa) - S(p A i B ), (3) 
where the "quantum conditional entropy" is given by 

S(pa\b) = miri S{p A \{uB}) = min Vp,S(pa|.), (4) 
{nf} {nf}^ 

with the minimization being over all projection-valued 
measurements, {Ilf }, performed on the subsystem B. 
The probability for obtaining outcome i is pi — 
Ixab [{I A ® T\f )pAB {I A ® nf )], and the corresponding post- 
measurement state for the subsystem A is pA\i = ^-^b {{I a ® 
Ilf )pab{Ia <_> nf )], where I a is the identity operator on the 
Hilbert space T~La- The difference [I(pab) — Jb(pab)] is a 
measure of quantum correlation, and called as the quantum 
discord 1 13 1. Moreover, it can be shown that the quantum mu- 
tual information is larger than the quantity Jb(pa\b)- There- 
fore, the quantum discord with the strong measurement per- 
formed on the subsystem B is given by 

D(A : B) = min YVS^) - S{A\B), (5) 
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Now, let us define what we call as the super quantum dis- 
cord. It is defined as the quantum correlation in a state pab 
as seen by an observer who performs a weak measurement 
on the subsystem B. In this case, the conditional entropy 
5(A|{II B }) is replaced by the weak quantum conditional en- 
tropy S W (A\{P B (x)}), where the subscript w refers to the 
fact that one performs the weak measurement on the subsys- 
tem B with the weak operators {P B (x)}. After the weak 
measurement, the post-measurement state for the subsystem 
A is given by 

Tr B [(J g P B (±x))p AB (I g P B (±x))] 
PA\p*(±x) TxAB ^ I( ^pB {±x))pAB{I g, pfl(±-))] 

(6) 

and the probability with which this occurs is 

p(±x) =Tv A b[{I®P B {±x))pab(I®P B {±x))]. (7) 
The "weak quantum conditional entropy" is given by 

S W (A\{P B („)}) = p(x)S(pA\pB ix} )+p{~x)S(p A \pB 

(8) 

Note that the weak quantum conditional entropy 
S w (A\{P B (x)}) = S w (A\{P B ({n B },x)}) is a func- 
tion of the projectors and the measurement strength parameter 
x. Therefore, the super quantum discord denoted by 
D W (A : B) is defined as 



D W (A : B) := min S W (A\{P B (x)}) - S(A\B). (9) 



Next, we prove that the weak measurements can indeed reveal 
more quantum correlation of a bipartite quantum state, hence 
the name super quantum discord. 

Theorem: Given a bipartite state pab, the super quantum 
discord (SQD) revealed by the weak measurement is always 
greater than or equal to the normal quantum discord with the 
strong measurement, i.e., D W (A : B) > D(A : B). 
Proof: Consider the POVM elements for the weak mea- 
surement as given by E(x) — P\x)P(x) and E(—x) = 
P^{— x)P(— x). The strong measurement operators are given 
by {E Q , E x }, where E, = n|n, = IT (i = 0, 1). Now, we 
have E(x) = Yli=o a t {x)Ei and E 
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Consider a bipartite density matrix pab- The weak mea- 
surement performed on the subsystem B will yield the post- 
measurement state Pa\p b (x)- Thus, we have 



p( x )pa\p b (x) =Tr B [/9^ B (J(g) E(x))) =^2ai(x)pip A \ n B. 

(10) 



i=0 



where S(A\B) = S{p AB ) - S(p B ). 



Now the weak conditional entropy of the density operator is 
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given by 
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In the above we used concavity of the entropy. This then im- 
plies that 



S„,L4|{P B (a;)}) > S(A\{U B }). 



(12) 



Thus, it shows that the weak conditional entropy is greater 
than the strong conditional entropy for all possible measure- 
ment basis. Let {Ylf } be the measurement basis that mini- 
mizes the conditional entropy for the normal discord. Then, 
from (|}, we have D(A : B) = S(A\{ti B } - S{A\B). 
Now define the weak measurement operators P B (±x) = 
■J a (±x)fl B + y // ai(±x)Ilf . Then, from (12 1, we have 
S W (A\{P B (x)}) > S(A\{Il B }. Hence, S w (A\{P B (x)}) - 
S(A\B) > S(A\{fl B } - S(A\B), i.e., the super quantum 
discord is always greater than the normal discord. 

Therefore, given a set of projectors that minimizes the con- 
ditional entropy for the normal discord, we can always define 
a set of weak measurement operators such that the super dis- 
cord is larger than the normal discord. It may be noted that for 
the case of strong measurements, i.e., lima; — > oo, we have 
D W (A : B) = D(A ; B) and thus, the equality holds. The 
extra quantum correlation revealed by the super quantum dis- 
cord is possible only with the weak measurements. When we 
disturb the subsystem of a composite system weakly, we are 
destroying less quantumness. However, the strong measure- 
ment process tends to loose the extra quantumness irrevoca- 
bly, and converts this to classical correlation. Hence, it is not 
captured by the normal quantum discord. 

In what follows, we provide several examples and applica- 
tion where the super quantum discord is indeed able to capture 
more quantum correlation. 

Super discord for two qubit pure entangled state.- Now 
consider a general pure entangled state of a two qubit. In the 
Schmidt decomposition form this can be written as 



AB 



Ao|00) 



Aill) 
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where A ,Ai are the Schmidt coefficients. It is known that 
the normal discord for a pure entangled state is equal to its 
entanglement entropy, i.e., D(A : B) = S(pa) = S(ps)- 
However, this is not so for the super quantum discord. This 
is a new feature of the weak measurement. We will show that 
the super quantum discord can exceed the quantum entangle- 
ment for any pure bipartite state. Let us now define the weak 
operator in an arbitrary measurement basis as 
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(1 — tanhx) 



IL 



(1 + tanhx) 
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where {1-0), |V>)} are arbitrary qubit states. Similarly we can 
define P B (—x). The action of the weak operator P B (x) on 
the pure state results in 

{I®P B {x)m = v / Ao[6i|00)+6 2 |01)]+VaT[&2|10)+6 3 |11)], 

(15) 

where b% = a(x)cos 2 (|) + a(— x) sin 2 (|), hi — [a(x) — 
a(— x)] cos(|) sin(|) exp[i^!>] and 6 3 = a(x) sin 2 ^) + 
o(— x) cos 2 (|). The probability of outcome corresponding to 
measurement operator P B (x) on the pure state is given by 



p(x) = -[1 — (A — Ai) tanhxcos0]. 



(16) 



The super quantum discord for the pure entangled state is 
D W (A : B) = S(p B ) + S W (A\{P B (x)}). This is given by 

D W (A : B) = -A log A - Ai log X x 

— p(x) [k + (x) log k + (x) + fc_ (x) log fc_ (x)] 

- p(—x) [k + (—x) log k+(—x) + fc_ (—x) log fc_ (—x)} , 

(17) 



An Ai 



(p(x) 2 cosh 2 x) 



] and k±(—x) can 



where, k±(x) = |[1± 

be defined similarly. 

Now in the strong measurement limit ( i.e. x —> 00) the 
eigenvalues of measured density matrix are and 1, inde- 
pendent of the basis parameters 9 and </>. This implies that 
D W (A : B) = — Ao log Ao — Ai log Ai, and it is equal to the 
normal discord. For maximally entangled pure state case the 
super discord is D W (A : B) = 1 - [1=*^ log 1=*^ + 
i+tanhx j Q g i+tanhxj jsj ow ^ m m e weak measurement limit ( 
very small x), D w ( A : B) = 1 - [i=^ log 1=^ + lc 
and it is always greater than one. For example, when x 
D W (A : B) = 1.4689 > D(A : B). So, for smaller x, the su- 
per discord is greater than the normal discord (entanglement 
entropy), i.e., D W (A : B) > D(A : B) = S(B). 

Super discord for the Werner state. — The Werner state is a 
prime example to show that the quantum discord is nonzero 
in the separable regime. Now, we will show that the quantum 
correlation revealed by the super discord for the Werner state 
is also more than that of the normal discord. The Werner state 
is an admixture of a random state and a maximally entangled 
state, namely, 



l+x l 
2 J 

0.2, 



Pab = z\9 >(*- 



(1-z) 



(18) 



where ) = (|01) — |10))/V2. The corresponding en 
tropies for the above state are given by S(B) — 1, S(A, B) 

' l-z 



3(1-*) 



(l+3z) 



l 0g( !±3z) and s(A\{Tl B }) = 



4 4 ) 4 '"6V 4 

-^=^log(i=^) - ^i±^ log(i±^). In defining the condi- 
tional entropy, we have used the computational basis. Since 
the Werner state is rotationally invariant therefore this yields 
the same result for the conditional entropy for any measure- 
ment basis and hence we do not have to minimize it over all 
measurement bases. 
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arbitrary two-qubit density matrix 




FIG. 1. (Color online) This is a plot for the super quantum discord 
for a pure entangled state as a function of x with Aq = 0.05 and 
Ai = 0.95 at = 1.57. Here S(B) = 0.286397 and it is equal 
to the normal discord. This shows that the super discord is greater 
than the normal discord for smaller values of x and approaches to the 
normal discord for larger values of x. 



If we perform the weak measurement on the subsystem B, 
then for the Werner state p(x) — 1 /2. The SQD is given by 



nf A m 3{l-z) y A-z, (1 + 32!). ,1 + 3js, 
D W (A : B) = ' log(— — ) + - log(— — ) 



4 DV 4 ' 
(1 — z tanh a;) 



1 - 



4 ov 4 

. 1 — z tanh x . 
log( z ) 



2 2 

(1 + ztanhx) , , 1 + ztanhx 
log( 



)]• d9) 



This is larger than the normal quantum discord. In the strong 
measurement limit (x — > oo), the last bracketed term in the 
above expression becomes the strong conditional entropy and 
hence lim^oo D W (A : B) = D(A : B). 



PAB = j [I + (a • a <g) I) + (I <g) b • a) 



^Ci(ai ® o-j)], 



(20) 



where a, b are the three dimensional real vectors and c, are 
real. This is locally unitarily equivalent to the most general 
density matrix for two-qubits |34|. The weak conditional en- 
tropy for this state is given by 

S W (A\{P B (x)}) = ~p(x)[X + (x)\ogX + (x) 

+ A_ (x) log A_ (a;)] - p(-x) [X+ {-x) log A+ (-x) 

+ X-(-x)\ogX.(-x)], (21) 

where 



p{x) — [1 — (b • n) tanhaiJ/2, 

[l-(b- n)taph a ;]± yCT 
X±(x) = 



: tanh : 



2[1 - (b • n) tanh a;] 
n = (sin 9 cos </>, sin 8 sin <j>, cos 9) . 



(22) 



To gain some insight, consider a specific density matrix 
with ax = 0.01, a 2 = 0.1, a 3 = 0.22, b x = 0.1, b 2 = 0.03, 
b 3 = 0.5, c a = 0.1, c 2 = 0.02, c 3 = 0.2, in the Bloch normal 
form. For this state S(B) = 0.80262 and S(AB) = 1.732. 
The normal quantum discord is D(A : B) = 0.005. The 
super discord is given by D W (A : B) = S W (A\{P B (x)}) - 
0.92938. Using the expression pi) for the weak conditional 
entropy, we have plotted the super discord as a function of x, 
9 at a fixed value of </>. Fig. 3 shows that the super quantum 
discord is larger than the normal discord for weak measure- 
ments. 




O 0.018 

3 0.014 
u 

3" o.oi 



0.006 



0.020 
0.016 
0.012 
0.008 
0.004 



FIG. 2. (Color online) The super and the normal discords as a func- 
tion of 2 for the Werner state at x = 0.2. It shows that the super 
quantum discord is greater than the normal discord for all z. 



Super discord for general two-qubit state:- Consider an 



FIG. 3. (Color online) The super quantum discord for above consid- 
ered density matrix as a function of 9 and x at fixed <£ m i n = 0.1. At 
6 = 0, for larger x (~ x > 3) the SQD is constant and is equal to 
the normal discord. Also for smaller values of x SQD is greater than 
the normal discord. 
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Application to entropic uncertainty relations:- In quan- 
tum theory uncertainty relations play fundamental roles ll27l . 
They provide limitations on our ability to measure two non- 
commuting observables. In addition to commutator based un- 
certainty relations, entropic uncertainty relations also have at- 
tracted great attention ll28l |29l . Recently, it has been shown 
that entropic uncertainty relation (EUR) contain additional 
term in the presence of quantum entanglement l30l . Further- 
more, it was shown that the EUR in the presence of quantum 
memory can be tightened with the help of quantum discord 
and classical correlation |31j. Somewhat counter intuitively, 
here we will show that with the help of the weak measurement 
the EUR can be further tightened. This will show that the un- 
certainty in the conjugate variables not only depends on the 
observer who holds quantum memory but also depends on the 
gentleness of the measurement process. 

Consider a general bipartite state pab of two qubits. The 
measurement of a set of projectors {A^ = correspond- 
ing to some observable O on subsystem A, will yield a state 
for the subsystem B as given by 



Pi\B 



Tx A [(ki®I)p AB } 
Tr AB [(Ai ® I)pab] 



(23) 



with probability pi = Tr as [(A.; <g) I)p AB \. The state of the 
composite system after the measurement is given by 

Pab = J2 l*X*l®^[(At ®I)pab\- (24) 



The entropic uncertainty relation for two observables P and 
Q in the presence of quantum memory is given by 1 30 1 

S(P\B) + S(Q\B) >-2\og 2 c(P,Q) + S(A\B), (25) 

where c(P,Q) = max^ (p^) | and {\pj),\qj)} are eigen- 
vectors of operators P and Q respectively. Also S(P\B) = 
S(ppb) - S(B) and S(Q\B) = S(p QB ) - S(B). However, 
recently it has been shown that the quantum and classical cor- 
relations can further tighten the above inequality and this is 
given by ED 



S(P\B) + S{Q\B) > 



21og 2 c(P,Q)+S(A\B) 
Da(pab) - Ja(pab), 



(26) 



where Da(pab) and Ja{pab) are the normal discord and 
the classical correlation, respectively. Subscript A shows here 
that the measurement is being done on the subsystem A. 

Instead of the strong measurement, let us consider the weak 
measurement operators {P(x), P(—x)} and {Q(x),Q(—x)} 
on the subsystem A. These operators are given by 



P(x) = a(x)\0)(0\+a(-x)\l)(l\, 
Q(x) = a(x)\+)(+\+a(-x)\-)(-\, 

/ l=ptanh x 



(27) 

where a{±x) = yj W 1 ^, |+) = -±=(|0) + |1)), and 
|— ) = ^|(|0) — The above POVMs are weak measure- 
ment generalisation of strong POVMs {| t«)(t« l> I lz){lz 1} 



and {(| tx)(tx I j I ix)(ix \}, respectively. Let us again con- 
sider the canonical Werner state. The Werner state for the two- 
particles after the measurements in above POVMs are given 
by Ppb an( J Pqb- The entropies of these states are given by 



S(p 



PB) — 



(1 + z) cosh x + 2z . (1 + z) cosh x + 2z , 
-log 2 (- 



4 cosh x 
(1 + z) coshx — 2z 

4 cosh x 
l-z /1-Zsi 



4 cosh x 
, (1 + z) cosh a; — 2z. 

l0 §2( 7—X- ) 



4 cosh x 



S(pqb)- 



Here c{P, Q) = l/s/2. For the Werner state S(A) 
the classical correlation is given by 



(28) 
1 and 



Ja(p 



AB 



= l + [ 
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ztanhx 1 
- log 2 - 
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z tanh x 1 

—a lo S2 - 



- z tanh x 
2 

ztanhx, 



(29) 



Thus, the lower bound of EUR ( 26 1 using the weak measure- 
ments is found to be 

„ . „ r (T — ztanhx) , (l — zt&nhx) 
L w (pab) = - 2P '- log 2 ^ 

(1 + z tanh x) , (1 + ztanhx), 
+ ~ g ^ l0g2 ^ 2 ] ' { ) 

It is known that for the Werner state the L.H.S and R.H.S of 



the EUR given in ( 26 1 both are equal and it is called the min- 
imum uncertainty state. But here using the weak measure- 
ments the L.H.S. and R.H.S are not equal and they are equal 
in x — > oo limit. In the case of strong measurements the lower 
bound of EUR is given by 



L s (pai 



(31) 




EC 



— x=0.7 

— x=2.5 

— Pati et al limit 

— Berta et al limit 



FIG. 4. Here green line shows Berta et al limit, blue line shows Pati 
et al limit and other two lines show the weak limit for x = 0.7, 2.5. 
The weak limit meets the earlier two limits at z = 1 for large values 
of x (w x > 2). 

Since L w (pab) > L s (pab), this shows that the weak mea- 
surement indeed tightens the EUR. In Fig. 4, we have dis- 
played both these quantities and this improvement is seen. 
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Conclusion:- To conclude, here we have raised a funda- 
mental question: Can weak measurement reveal more quan- 
tumness? We have shown that indeed the answer to this ques- 
tion is in affirmative. We have proved that the weak mea- 
surement can capture more quantum correlation of a bipartite 
system than the strong measurement. This gives rise to the 
notion of super quantum discord that goes beyond the nor- 
mal quantum discord. This has been shown explicitly for 
the pure entangled state, the Werner state and arbitrary two 
qubit mixed entangled state. For pure entangled state the su- 
per quantum discord can be more than the quantum entangle- 
ment. As the quantum discord depends on the observer who 
is trying to access the quantum system by performing mea- 
surement on one of the subsystems, it is an observer depen- 
dent notion. Our result shows that quantum correlation is not 
only an observer dependent notion but also depends on how 
weakly one perturbs the system. If we perform quantum mea- 
surement weakly, then there can be more quantum correlation 
between the subsystems which can be exploited for practical 
use. As a concrete application, we have shown that using the 
super quantum discord, one can tighten the entropic uncer- 
tainty relation in the presence of quantum memory. Thus, the 
notion of super discord can be potentially a useful resource 
for quantum computation, quantum communication and gen- 
eral quantum information processing tasks. This will open 
up new avenues of explorations in quantum technology with 
weak measurements. 
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